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Abstract. We demonstrate that in a certain gauge the elliptic Ruijsenaars- 
Schneider models admit Lax representation governed by the same dynamical r— 
matrix as their non-relativistic counterparts (Calogero-Moser models). This phe- 
nomenon was previously observed for the rational and hyperbolic models. 



1 Introduction 



In the recent years the interest in the Calogero-Moser type of models |l 
[|j] is considerably revitalized. One of the directions of this recent devel- 
opment was connected with the notion of the dynamical r-matrices and 
their interpretation in terms of Hamiltonian reduction lu- 
cent ly fT3|j , 



lq| . Very re- 



this line of research included also the so-called 
Ruijsenaars-Schneider models 0,0 which may be seen as relativistic gen- 
eralizations of the Calogero-Moser ones [0], 0. 

In the paper Jl3| a quadratic (dynamical) r-matrix Poisson structure was 
found for the dynamical system describing the motion of the solitons of the 
sine-Gordon model. This system turns out to be a particular case of the 
hyperbolic Ruijsenaars-Schneider model corresponding to a particular value 
of the parameter 7 of the model (cf. Q2.4|) below), namely 7 = iir/2, when 
the Lax matrix becomes symmetric in some gauge, 

The case of general hyperbolic Ruijsenaars-Schneider model, admitting 
also the rational model as a limiting case, was considered in [ 14j . There was 
found a linear r-matrix structure for this model, with the linear dependence 
of the r-matrix on the elements of the Lax matrix. However, as it stands, 
the structure found in JTJJ] cannot be cast into a quadratic form. 

This drawback was overcome in where the quadratic r-matrix Pois- 
son bracket was found for the general rational and hyperbolic models. More- 
over, this bracket turned out to posess several remarkable properties. 

• First, the r-matrix objects turned out to be independent on the rela- 
tivistic parameter 7 of the model. 

• Second, and more important, the r-matrix object governing the whole 
hierarchy of the Lax equations attached to the Ruijsenaars-Schneider 
model turned out to be identical with the corresponding object govern- 
ing the non-relativistic Calogero-Moser hierarchy. 

A geometric interpretation of this intriguing property was also provided in 
Several open problems were formulated in fll5| , the first of them be- 
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ing the generalization of these findings to the case of elliptic Ruijsenaars- 
Schneider model. 



Soon after |0J there appeared the paper |16| where an r-matrix quadratic 
Poisson bracket for the elliptic Ruijsenaars-Schneider model was found, thus 
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partly solving the mentioned problem. However, despite the fact that this 



bracket has the same general structure as the one found in it turns out 
not to generalize the latter. It fails to have the two remarkable properties 
pointed out above, and moreover it does not reduce to the bracket found in 
[|l5|j in the corresponding (rational or hyperbolic) limit. 

In the present paper we give a proper generalization of the results in 
for the elliptic case. Namely, we present a quadratic r-matrix structure 
for this model enjoying the two properties listed above. An existence of 
two different r-matrix Poisson brackets for one and the same model is not 
contradictory, because of the well-known non-uniqueness of an r-matrix. So 
in principle both can coexist on their own rights. We hope, however, that 
the two remarkable properties pointed out above indicate on some deeper 
geometric meaning to be clarified in the future, so that the result reported 
here will be accepted as the r-matrix for the elliptic Ruijsenaars-Schneider 
model. 



2 Elliptic models of the Calogero— Moser type. 

The elliptic non-relativistic Calogero-Moser hierarchy is described in terms 
of the Lax matrix 

N 

L = L(x,p, A) = ^p k Ekk + ^^2^(x k - Xj, X)E kj . (2.1) 

h=X k^j 

Here the function <3?(x, A) is defined as 

_ t . . <j(x + A) 

$(s,A = i , (2.2) 

a[x)a{A) 

where u(x) is the Weierstrass a-function. Further, A is an auxiliary (so 
called spectral) parameter which does not enter the equations of motion 
of the model, but rather serves as a useful tool for its solution. On the 
contrary, 7 is an internal parameter of the model, usually supposed to be pure 
imaginary. The dynamical variables x = (xi, . . . , xn) t and p = (pi, . . . ,Pn) t 
are supposed to be canonically conjugated, i.e. to have canonical Poisson 
brackets: 

{x k ,Xj} = {pk,Pj} = 0, {xk,Pj} = 5 k j. (2.3) 
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The Hamiltonian function of the Calogero-Moser model proper (i.e. of the 
simplest representative of the Calogero-Moser hierarchy) is given by 

1 N 1 1 
H (x,p) = -^Pfc--7 2 X^( x fc- x i) = ^trL 2 (a;,p,A) + const, 
1 k=i 1 k^j 1 

where const = —N(N — l)7 2 p(A)/2, and p(x) is the Weierstrass elliptic 
function. 

The elliptic relativistic Ruijsenaars-Schneider hierarchy is also described 
in terms of the Lax matrix 

L(x,p, A) = ^ Q^fxj bjEkj - (2 ' 4) 

The notations are the same as above, and we use an additional abbreviation: 

so that in the variables (x, b) the canonical Poisson brackets ( |2.3|) take the 
form 

{x k , xj} = 0, {x k , bj} = b k 5 kj , 
{b^bj} = b k b j (((x j -x k + 7)-C(xk-x j +j)+2(l-8 kj )C(x k -x j )y (2.6) 
Here ((x) is, of course, the Weierstrass ^-function, i.e. 

««) = ^M. 

a{x) 

The Hamiltonian function of the Ruijsenaars-Schneider model proper (i.e. 
of the simplest member of this hierarchy) is simply 

N 

H(x,p) = ^2b k = trL(x,p, A). 

k=l 

Let us note that the non-relativistic limit, leading from the Ruijsenaars- 
Schneider model to the Calogero-Moser one, is achieved by rescaling p > ftp, 
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7 >— > /?7 an d subsequent sending /3 — >■ (in this limit L re i = I + /3L non rci + 
0(/3 2 )). 

Let us also note that the evolution of either of the non-relativistic or the 
relativistic model is governed by the Lax equation of the form 

L=[M,L], (2.7) 

where, for example, for the Ruijsenaars-Schneider model one has: 

M kj = <S>(x k -x v X)b jl k^ 3} (2.8) 

M kk = (C(A) + C(7))&* + E (C(a* - ^ + 7) - C(x k - Xj))bj. (2.9) 

An r-matrix found below enables one to give a general formula for the matrix 
M for an arbitrary flow of the corresponding hierarchy (cf. [15 for such 
formulas in the rational and hyperbolic cases). 



3 Dynamical r-matrix formulation 

An r-matrix formulation of the elliptic Calogero-Moser model was given 
in H, @ as a generalization of the previous result obtained in [|] for the 
rational and hyperbolic cases. The result of || may be presented in the 
following form: for the non-relativistic case the corresponding Lax matrices 
satisfy a linear r-matrix ansatz 

{L(X) f L(fj)} = [I ® L(/i), r(A, //)] - [L(X) I, r*(A, //)] , (3.1) 

where the N 2 x iV 2 matrix r(A,/i) may be decomposed into the sum 

r(X,fj.) = a(X,fj,)+8(X). (3.2) 

Here a is a skew-symmetric matrix 

N 

a(X, n) = -C(A - /i) E E kk ®E kk -J2 H x j -x k ,X- fJt)E jk ® S fci , (3.3) 
fc=i fc^j 

and s is a non-skew-symmetric one: 

N 

s(a) = c(A) E ® E ^ + E - x ^ A )^ifc ® ( 3 - 4 ) 

fc=l fc^J 
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Here the "skew-symmetry" is understood with respect to the operation 



N 

r*(X,/i) = Ur(fi, A)n with IT = ^ E kj ® E jk . 

So we have 

a*(A, fi) = — a(A, /i), 

and 

AT 

fi)E kk ® (3.5) 

fe=i fc^j 

(Note that our r is related to the objects r i2 , r 2 i in by means of 
r = — r 2 i and r* = — ri 2 ). 

We shall prove that in the relativistic case the corresponding Lax matrices 
satisfy the quadratic r-matrix ansatz: 

{L(\)?L(ji)} = (L(\)®L(ti))a 1 (\, t i)-a 2 (\,iJL)(L(\)®L(ji)) 

+ (I <g> L(»)si(A, fj)(L(n) ® J) - (L(A) ® i> 2 (A, /tt)(J <g> 

(3.6) 

where the matrices ai, a 2 , s 1; s 2 satisfy the conditions 

a^(A,/i) = -a x (A,//), a 2 (A, //) = -a 2 (A, /i), s 2 (A, //) = si(X, fi), (3.7) 
and 

Oi(A, fi) + Si(A, /i) = a 2 (A, fx) + s 2 (A, //) = r(A, //). (3.8) 

The first of these conditions assures the skew-symmetry of the Poisson 
bracket ( |3.6|) , and the second one garantees that the Hamiltonian flows 
with invariant Hamiltonian functions tp{L) have the Lax form ( |2.7| ) with 
the form of the M-matrix being governed by the same r-matrix as in the 
non-relativistic case. 

Such general quadratic r-matrix structures were discovered several times 
independently JTB], p]f . See [^D| for an application to closely related, 



but much more simple systems of the Toda lattice type. 

Theorem. For the Lax matrices of the relativistic model fl2.4| ) there holds 
a quadratic r-matrix ansatz ( |3.6j ) with the matrices 

di = a + w, si = s — w, 
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a 2 = a + s — s* — w, S2 = s* + w, 
and w is an auxiliary matrix 

w = H Ci x k ~ Xj)E kk <g> Ejj. (3.9) 

Note that all the objects a, s, w entering these formula do not depend on 
7, and that ( Plf ) is fulfilled, which justifies the title of the present paper. 

The proof of this Theorem is based on direct computations, presented in 
the Appendix. 



4 Conclusions 



Now that the formal part of the results in |15| is generalized, it is tempting 
to find a geometrical explanation of the phenomena behind it. To this end 
one should develop further the theory of Calogero-Moser type models as 
Hamiltonian reduced systems. 

Certainly, this problem should be supplied with the whole list of open 
problems formulated in [fRSfl , |16 |. 
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6 Appendix: proof of the Theorem 

Let us denote 

{Lij(X), Lfc m (//)} = 7Tjjfc m Ljj(A)Lfc m (/i), 

N 

[L(X) ® L(fj), a(A,/i)] = a ijkm L ij (X)L km (fi)E ij <g> E km , 

i,j,k,m=l 
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and analogously 

N 



S(X){L(X) ® L(fi)) = £ ijlm L ijW Lkm ifi) Eij ® 



kmi 



i,j,k,m=l 
N 



8*(ji)(L{\)®L(n))= £ a%l m L ij (\)L^(jjL)E ij ®E l 



kmi 



i,j,k,rn=l 
N 



(I ® L(/x))a(A)(L(A) ® /) = £ ^f km L i3 (X)L k ME l3 ® 3 



fcm 5 



i,j',fc,m=l 
A? 



^ijkm 

i,j,k,m=l 

The statement of the Theorem is equivalent to 

vr ijfcm = a iifcm - <rjg m + o§ m + af) km - aff km + w ik + w jm - w im - w jk , (6.1) 

where Wj k = (1 — 5j k )((xj — x k ) are the coefficients of the auxiliary matrix 
w = T,j^k WjkEjj ® E kk . 

According to the Poisson brackets ( |2.6| ) we have: 



Kijkm = ((X m - Xj + 7) - C(xj - x m + 7) + 2(1 - 6 jm )((xj - x m ) 
+ (5 jk - 5 jm ) (((x k - x m + 7) - ((x k - x m + 7 + //)) 
- (5 im - 6, TO )(C(zi - ^ + 7) - C( x i - x j + 7 + A)). (6.2) 



From the definitions of the matrices a and s we have: 



ttijfcm — (Sik ~ ^jm)C(A — A 4 ) 



L im (\)L kj (n) _ 

L,ij[A)lj km {fJ>) 



4L = 5 lk C(\) + (l-5 lk )^^^(x l -x k ,X); 
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a ifkm = ^fcCO) + (1 ~ Sik) f' m /\ $(zfc ~ Xi,fj); 



4L = 6UW + (l-Sirn)j^Hxi-Xrn,\); 



%L = ^c(A*) + (i-^)^^« 



Using the expressions for the elements of the matrix L, we get: 

Oiijkm = {&ik — 3j m )((X — /i) 

§(x k - Xj + 7, \)$(xj - x m + 7, fij^jxj - x fc , A - /i) _ 



+(1 -<*«)" 
-(1 -5 im ) 



- Xj +7, A)$(xjt - x m + 7,//) 
- x m + 7, A)$(x fc - + 7, n)$(x m - xj, A - /i) 



*8L = <5*C(A) + (1 - fo) 



- + 7, A)$(x fc - x m + 7, /i) 
- Xj + 7, A)$(xi - x k , A) _ 



(2) p >/ \ , ,$(x i -x m + 7,/i)$(x fc -Xi,/i) 

^iifcm = °ik(W + (1 - 0<fc) s ; 

^\Xk X m ~~r 7) (") 

- <WCW + (i-« $( Xi - Xj . + 7 ,A) ' 

(4) r >/ \ , /-i r , ~ a: m + 7, MM^fc ~ W) 
a - km = + $(x fc -x m + 7 ,/,) • 

The most laburous part of the further manipulations is the simplification 
of the expression for a^m- This was performed already in [lfj, we give here 



slightly more details. Following two elliptic identities were used in to 
this aim: 

$(x - a, A)$(y + A aQ$(a, a - fi) - $(y + a, a)$(x - a, /i)$(x _y + AA-^) 

<&(X,A)$(}» 

C(A)-C(x-F + A) + c(x-A)-c(r + A), 
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and 

$(Y,\)$(X,ri$(X -Y,\- 



C(A-/i)+c(x-r)-C(x+A)+c(r+^). 



$(X,A)$(Y» 
One gets: 

Otijkm = (5ik — <5jm)C(A — fJ,) 
+ (1 - <5 ifc )(l - 8 jm ) {((Xi - X k ) -((Xm- Xj) + ((X k - Xj + 7) - ((Xi -X m + 7)) 

+ (1 - 5 ik )5 jm (((\ -fi)+({xi- x k ) - ((xi - Xj + 7 + A) + ({x k -Xm + i + fij) 

-(1 - 8 jm )8ik (C(A - /i) + C(^m - Xj) - C(^i - X? + 7 + A) + CO^fc - x m + 7 + A*)) • 
Further straightforward manipulations give: 

C^ijkm (1 ^ifc)C(x? Xfc) (1 ^j'm)C(Xm Xj) 

+C(x k - Xj + 7) - C(x* - x m + 7) 
+ - Sjm) (C(x k - x m + 7) - C(Xfc - x m + 7 + /i)) 

- - <5jm) (C(x* - Xj + 7) - C(xj - Xj + 7 + A)) . (6.3) 

By simplifying the expressions for cr^m one uses systematically the iden- 
tity 

*St A |Ta) A) = C(A) + c w + c(y) " ax + Y + A) - 

One gets following expressions: 

= C(A) + (1 - &)(C(xi -x fe ) + C(x fc -Xj +7) -C(x i -x j + 7 + A)); 

= C(A*) + (l-^fc)(C(xfe-Xi) + C(xi-x m + 7) -C(xfc-x m + 7 + /x)); 

= CW + 0--8im)(C(x i -x m ) + C(x m -x j + 'y) - {fa - Xj + 1 + \)); 

a ijkm = C(^) + (1 - Sjk) (C(x fe - Xj) + C(Xj - X m + 7) - C(Xfe - X m + 7 + fifj . 

It follows after straightforward manipulations: 

-J 1 ) +a W , (3) _ (4) = 

u ijkm ' u ijkm ' u ijkm u ijkm 



2(1 - 5 ik )((x k - xi) + (1 - 5 irn )((xi - x m ) - (1 - S jk )C(x k - Xj) 
+C(xi -x m + j)- ((x k - xj + 7) + Q{x m - Xj + 7) - Q{xj - x m = 7) 

+ - *im) (COi - + 7) - C0&< - Xj + 7 + A)) 

- (<^fc - 5jfe) (C(Z* - + 7) - ((%k - Xm + 7 + A*)) • (6-4) 

Now it is easy to see that combining ( |6.3|) , (|6.4j ), and (|6.2|) , one gets (|6.1|) , 
which proves the Theorem. 
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